Solution to Assignment 4, MMAT5520

by YU, Rongfeng

Exercise 5.2:
1(b). Soution: Solving the characteristic equation, we have

A-3 2 |
—4 A+1| 7

A —2X+5=0,
A=1+2i,

For A1 = 1+ 24, consider
2i—2 2 —0
—4 242 )T

1 . . . .
vl = < > is an eigenvector of A corresponding to 1 + 2i.

1—i
—2i-2 2
( —4 22i>“_&

For Ay = 1 — 24, consider
1 . . . .
=g is an eigenvector of A corresponding to 1 — 2.

B 1 1 1 o 1+2i 0
LetQ_(l—z’ 1+Z,>,thenwehaveQ AQ—< 0 1_21,).

1(d). Soution: Solving the characteristic equation, we have

A1 0
0 A 1 |=o0,
—6 —11 A—6

AN —6A2+11A—6=0,
A=1DA=2)(A=3) =0,

A=1,2,3.
For Ay = 1, consider
1 1 0
0 1 1 v =0,
-6 —11 -5
1
vi = | —1 | is an eigenvector corresponding to A; = 1.
1



For Ay = 2, consider

2 1 0
0 2 1 v =0,
-6 —-11 -4
1
vg = | —2 | is an eigenvector corresponding to Ay = 2.
4
For A3 = 3, consider
3 1 0
0 3 1 v =0,
-6 —-11 -3
1
vg = | —3 | is an eigenvector corresponding to Az = 3.
9
1 1 1 1 00
Let Q= -1 —2 -3 |, then wehave Q7'AQ =1 0 2 0
1 4 9 00 3

1(e). Soution: Solving the characteristic equation, we have

A=1,1,3
For A\ = Ao =1, consider
-2 2 0
0 0 0 Jv=0,
4 -4 0
0 1
vi=1 0 | andwvg = 1 | are two independent eigenvectors corresponding to A = 1.
1 0
For A3 = 3, consider
0 2 0
0 2 0 Jv=0,
4 —4 2
-1
vy = 0 is an eigenvector corresponding to A = 3.
2
01 —1 1 00
Let Q= 0 1 0 |, then wehave Q'AQ =1 0 1 0
1 0 2 0 0 3

2. Soution: You could find it in ”Lecture Notes: Chapter 1-6, Answers to Exercises”.

7. Soution: You could find it in ”Lecture Notes: Chapter 1-6, Answers to Exercises”.



10. Soution: You could find it in ”Lecture Notes: Chapter 1-6, Answers to Exercises”.

Exercise 5.3:

1(a).Soution: Solving the characteristic equation, we have

A—5 6
-3 A+4

-e

A+1)(A=2) =0,

A=-1,2
For A\ = —1, consider
—6 6
( _3 3 > v =0,
1 . . )
v={ , )isan eigenvector of A corresponding to A = —1.

For Ay = 2, consider

-3 6
(_3 6>v—0,

2
vy = < 1 is an eigenvector of A corresponding to A = 2.

LetQ:(i ?),thenwehaveQ‘1:<_11 _21>aﬂdQ_1AQ:D:(_Ol (2)>

Hence

-( ) (0 e) (7 A)
:<1 i><_01 302)<_11 —21>
-(% =)

1(d).Soution: Solving the characteristic equation, we have

A—1 )
-1 A+1

-e

N 4+4=0,
A= £2i

142 5 0
1 142 )'TY

1424\ . . . .
v = < —: ! > is an eigenvector of A corresponding to A = 2i.

For A\{ = 24, consider

3



For Ay = —2¢, consider
—1-2i 5 —0
1 1-2i)'7 "

1—2i
Vg = < 1 ! ) is an eigenvector of A corresponding to A = —24i.

—1+2¢
1+2:

Let QQ = < 1—:21 1_122 ), then we have Q! = 411< _11

2i 0
0 -2 )

Hence

> and Q71AQ = D =

A7 = QDR = QD°Q™!

(142 1-20\ (2 0 \°1( 1 -1+2i
N 1 1 0 =2 ) 4\ -1 1+2
L1420 1-2i 32¢ 0 1 -1+
i 1 1 0 —32i -1 142
(16 —80
-\ 16 -16 )°

1(e). Soution: Solving the characteristic equation, we have

A—-1 =2 1

-2 -4 2 =0,
-3 -6 A+3
M(A-2)=0,
A=0,0,2.
For A1 = Ay = 0, consider
-1 -2 1
-2 —4 2 Jv=0,
-3 —6 3
-2 1
v = 1 and vo = | 0 | are two independent eigenvectors corresponding to A = 1.
0 1
For A3 = 2, consider
1 -2 1
-2 =2 2 Jv=0,
-3 —6 5
1
vg = | 2 | is an eigenvector corresponding to A = 2.
3
-2 1 1 -2 -2 2
Let Q = 1 0 2 |, then we have @' = 3 [ -3 —6 5 and Q7'AQ = D =
0 1 3 1 2 -1
000
000
0 0 2



Hence

2 1 1 00051 92 —2 2
- 1 0 2 000 =] -3 -6 5
0 1 3 00 2 1 2 -1
L2 1 00 0 2 —9 9
=5 1 02 00 0 -3 -6 5
0 1 3 0 0 32 1 2 -1

16 32 —16

— | 32 64 —32

A8 96 —48

Exercise 5.4:

1(a).Soution: The characteristic polynomial of A is:

T —>5 4

det(zl — A) = 3 a9 ‘:(Cﬂ—l)(ﬂf—2).

The minimal polynomial of A is m(z) = (z — 1)(z — 2) = 2% — 3z + 2.
A2 —3A+4+21=0, A?2=3A-2I,

A3 =3A% —2A =3(3A—2I) —2A =TA —6I,
A =7TA% —6A=T(3A—2I) —6A =15A — 141

A2 —3A+42I=0, A—3I+24"'=0,
3

1
Al =—-A+°1
2472

1(b).Soution: The characteristic polynomial of A is:

T —3 2

det(zl — A) = 9 a1

‘z(m—l)Z.

The minimal polynomial of A is either x — 1 or (x — 1)2.

Since A — I = ( 3 :; > # 0, the minimal polynomial of A is m(z) = (z — 1)? = 22 — 22 + 1.

A2 —24+4+1=0, A2=24-1,

A3 =247 —A=202A—-1)—- A=3A-2I,
At =347 —2A=3(02A—-1)—2A =4A - 3I.

A2 —2A4+71=0, A—-2I+A"'=0,
Al =—A+402r



1(d).Soution: The characteristic polynomial of A is:

z+1 -1 0
det(zl — A) = 4 x-3 0 = (z—1)%(z —2).
-1 0 x-2

The minimal polynomial of A is either (z — 1 (x—2) or (z —1)%(z —2)
-3 1 0 10 2 -1 0
Since (A—-I)(A—-2])=| —4 1 O 4 2 0 | = 4 =2 0 | # 0, the minimal
1 01 -2 1 0
polynomial of A is m(z) = (z — 1 —2) =% —42% + 5z — 2.

A3—4A2+5A—21:o,

A% =4A% —5A+ 21,
At =4A% —5A% 4 2A = 4(4A% —5A +2I) — 5A* + 2A = 11A% — 18A + 8I.

A3 —4A? 4+ 5A—-21 =0, A?—4A+51—-24"1=0

1 5
A7l = JA? 94421
5 "3

1(e).Soution: The characteristic polynomial of A is:

z—3 -1 -1
det(zl —A)=| -2 z-4 =2 |=(z—2)>%z—-4).
1 1 z—1
The minimal polynomial of A is either (z — 2)(z — 4) or (z — 2)%(x — 4).
1 1 1 -1 1 1 0 00
Since (A —2I)(A—4I) = 2 2 2 2 0 2 = 0 0 0 |, the minimal
-1 -1 -1 -1 -1 -3 0 0 0

polynomial of A is m(z) = (x — 2)(x — 4) = 2> — 6z + 8.
A2 —6A+81 =0, A?>=6A-8I,
A3 = 6A% —8A =6(6A — 8I) — 8A = 28A — 481,
At = 28A% — 484 = 28(6A — 81) — 48A = 120A — 2241.

A2 —6A+81=0, A—6I+8A"1=0

1, 3
At =—ZA4+°T
TR



